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Abstract. This paper addresses a problem recently raised by 
Laurent and Nogueira about inliomogeneous Diophantine approx- 
imation with coprime integers. A corollary of our main theorem is 
that for any irrational a G K. and for any 7 G M and e > there 
are infinitely many pairs of coprime integers m, n such that 

\na — m — 7I < l/|n|"'"~'^. 

This improves upon previously known results, in which the expo- 
nent of approximation was at best 1/2. 



1. Introduction 

Dirichlet's theorem in Diophantine approximation guarantees that 
for any irrational a G M there are infinitely many m, n G Z for which 

1 

\na — m\ < - — r. 

\n\ 

The inhomogeneous version of this result, proved by Minkowski (see 
[HI Theorem IV.9.1]), is that for any irrational a G M and for any 
7 G M \ (aZ -|- Z) there are infinitely many m, n G Z for which 

1 

\na — m — 7 < — — -. 

4|n| 

In this paper we address the problem of obtaining analogous results 
with m and n coprime. In the homogeneous case there is little need 
to pause for thought, since any common factors can be dispensed with 
immediately without significantly changing the problem. However in 
the inhomogeneous case the situation is more delicate. The best known 
analogue of Dirichlet's theorem in this general setting is a recent result 
of Laurent and Nogueira, who proved in [5] that for any irrational 
a G M and for any 7 G M, there are infinitely many pairs of coprime 
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integers m and n such that 



\na — m — 7I < 



\n 



1/2 • 



where c is a constant depending only on a and 7. Their proof rehes 
on estimates for the density of orbits of points in under the action 
of SL2(Z). In this paper, using a different approach, we obtain the 
following result. 

Theorem 1. Let c > 2 A/log 2. For any irrational a G M and for any 

7 G M there are infinitely many pairs of coprime integers m, n such 
that 



exp(cA/l 


og 


1^1) 




\n\ 





(1) \na — m — 7I < 

As n — )■ cxD the function exp(cv^logn) grows asymptotically more 
slowly than any power of n, and so we have the following immediate 
corollary. 

Corollary 1. For any irrational a G M and for any 7 G M and e > 
there are infinitely many pairs of coprime integers m, n such that 

1 

\na — m — 7 < - — -; — . 

Our method uses only elementary techniques and it seems plausible 
that by a refinement one might be able to replace the right hand side 
of ([I]) by c'/\n\. This would clearly be best possible, apart from the 
determination of the best constant c'. 



2. Preliminary results 

2.1. Continued fractions. We write the simple continued fraction 
expansion of an irrational real number a as 

a = ao H = [flo; «i, 0.2, • • • ], 

ai H 

02 H : 

as H 

where oq is an integer and oi, 02, . . . is a sequence of positive integers 
uniquely determined by a. The rational numbers 

— = [ao;ai,...,afc], ^ > 0, 
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are the principal convergents to a, and it is assumed that pk and qk are 
coprime and that Qk > for all k. For k > we also write 

Dk = Qkoc-Pk- 

We have by the basic properties of continued fractions that for A; > 1, 

(2) Pk+l = a-k+lPk + Pfe-l, %+! = Q'k+lQk + Qk-l-, 

(3) PkQk-i - QkPk-i = and 

(4) {-l)'"Dk = \qka-pk\<^. 

Qk+l 

For fixed irrational a we can use the greedy algorithm to represent any 
natural number uniquely as a weighted sum of the g^'s, where the kth 
weight does not exceed ctfc+i- This is made precise by the following 
lemma. 

Lemma 1. [6| Section II. 4] Suppose a G M zs irrational. Then for 
every n E N there is a unique integer M > and a unique sequence 
{cfc+i}^Q of integers such that qM <n < qu+i and 

oo 

(5) n = ^Ck+iqk, 

k=0 

with < Ci < fli, < Cfc+i < flfc+i for k > 1, 
Cfc = whenever Ck+i = ak+i for some k > 1, and 
Ck+i = for k> M. 

Furthermore we can construct a similar expansion for real numbers 
by using the DkS in place of the g^'s. In what follows {x} denotes the 
fractional part of a real number x. 

Lemma 2. Theorem II. 6.1] Suppose « G R\Q has continued frac- 
tion expansion as above. For any 7 G [—{a}, 1 — {«}) \ (aZ + Z) there 
is a unique sequence {bk+i}'kLo of integers such that 

00 

(6) 7 = ^6fc+iL'fc, 

fc=0 

with < 61 < «!, < 6fc_|_i < ak+i for k > 1, and 
bk = whenever bk+i = flfc+i for some k > 1. 

The relevance of these expansions to inhomogeneous approximation 
is explained by the following result, which can be deduced from the 
arguments in P, Section II. 6] (a rigorous proof can be found in [1]). 
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Lemma 3. Let a G M\Q and suppose that 7 G [—{a}, 1 — {«}) \ (aZ + 
Z). Choose an integer n G N anc?, referring to the expansions ^ and 
Ij^, write 6k+i = Ck+i — for k > 0. If 6k+i = for all k < m and 
some m > 4 then 



M 

na 

k=0 



- Ck+iPk - 7 



^ 3max(l, |^m+i|) 



Finally we will use the well known fact that 
(7) Pk-]_ ^ ^ ^ Pji k odd, 

Qk-l Qk 

and we will also need the following inhomogeneous version of this fact. 

Lemma 4. Suppose a eR\Q and 7 G [-{a}, 1 - {a}] \ (aZ + Z). 
Then, using the notation of Lemma \E, if rn > 4 and bm+i we have 
that 



sgn bk+iDk = (-1) 



\k=m 

Proof. We have from that sgn{Dk) = (— 1)'^ for k > 1. Therefore 
the terms in with opposite sign to Dm, when added together, are 
no larger in absolute value than 

By ([2]) this expression is equal to 

I {Dm+2 — Dm) + {Dm+A — Dm+2) + (-Dm+6 ~ -Dm+4) + ■ ■ ■ | = \D. 

and this shows that 



m I ; 



\k=m 



Furthermore the assumption that 7 ^ (aZ+Z) means that there cannot 
be equality in this inequality, so we are finished. □ 



2.2. Estimates from elementary number theory. In what follows 
/i denotes the Mobius function, ip the Euler-phi function, u{n) the num- 
ber of distinct prime factors of n, '7r(x) the number of primes < x, and 
(m, n) the greatest common divisor of m and n. The letter p, without 
a subscript, will always denote a prime number (not to be confused 
with the quantities pk coming from continued fractions). We will use 
the Landau and Vinogradov asymptotic notation with the standard 
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meaning for the symbols ^,^,0(-),o(-), and ~, and all implied con- 
stants will be universal unless otherwise indicated. All summations are 
restricted to positive integers. 

For use in what follows we remind the reader of two well known 
results of Mertens (see [H Theorems 427, 428]), that 

(9) - ~ log log X, and 

(10) \{{^--)-f^^ 

p<tv PJ log a; 

where 7 is Euler's constant. It follows from ( fTOll (see jlj Theorem 328]) 
that 

(11) ^» ' 



n log log n 

Next we prove a lemma about pairs of coprime integers in simultaneous 
arithmetic progressions. 

Lemma 5. Suppose m,n,r,s E'H satisfy (r, s) = 1 and nr — ms 7^ 0. 
Then there is a universal constant k > such that for any A G N with 

A > K log log (max(3, \ms - nr\)) 2-("^-"") , 

we can find an integer I < b < A such that 

(m + br,n + bs) = 1. 

Proof. Assume without loss of generality, by reversing the roles of the 
relevant variables if necessary, that nr — ms > 0. Write N{A) = 
N{m, n, r, s, A) for the number of integers 1 < b < A such that (m + 
br,n + bs) = 1. By Mobius inversion we have 

^(^) = E E '"(^)- 

b<A d\{m+br,n+bs) 

For each integer d in the inner sum which divides (m + br,n + bs) we 
can write m + br = ed and n + bs = fd, and by reversing the order of 
summation we obtain 

(12) N{A) = J2Kd)J2^, 

den e,f 

where the inner sum is over pairs of integers e and / which satisfy the 
conditions 

(13) l<e<{m + Ar)/d, 1 < f < {n + As)/d, 

(14) ed = m mod r, fd = n mod s, and 
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, , ed — m fd — n 
15 = ^ . 

r s 

Now to simplify things let us first deal with the case when (m, r) = 
{n,s) = 1. For a given d if there are integers e and / satisfying f|T5l) 
then clearly we must have that d\nr — ms. 

On the other hand suppose that d\nr — ms and that e is any integer 
which satisfies the conditions in (fT3l) and (IT^ . Then we claim that 
there is exactly one choice of / for which (fT3l) - (fT5l) hold. To see this 
write 

(16) nr — ms = {g — se)d, with g E 

so that 

gd = nr + s{ed — m) = mod r. 

Since (m, r) = 1 and ed = m mod r we deduce that {d, r) = 1 and 
from the equation above we obtain g = mod r. Writing g = fr we 
then see that 

. , fed - m\ . 
jd = n + s \ = n mod s, 



and that (fT5l) is satisfied. Furthermore conditions (fT5|) . (fT6|l . and 1 < 
e < (m + Ar)/(i together imply that 1 < / < (n + As)/(i. Finally once 
e and c? are chosen there is clearly at most one choice for /, so our 
claim is verified. 

Returning to f|T2l) this shows that when (m,r) = [n, s) = 1, 

N{A)= Yl M Yl 1 

d\nr—ms e<(m+Ar)/d 
e=md~^ mod r 



(i|nr— ms 

for some real constants ^{d) satisfying \i{d)\ < 1. This gives us the 
inequality 

N{A)>A E E 

d\nr—ms d\nr—Tns 



ipjnr - ms) _ ^^(^^^_^,) 



A 

nr — ms 



In the general case if (m, r) = di and (n, s) = ^2 then since (r, s) = 1 
we have that {m + br, n + bs) = 1 if and only if 
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and therefore 

(TTl Tl T S 
di 0,2 di Ct2 



^ , nr—ms 



nr — ms ' 



di d2 

r\uj{nr—ms) 

~ nr — ms 

Here we have used the facts that if d\M then u{M/d) < uj{M) and 
(M/d) J-l I pj - M ' 

^ ' ' p\{M/d) ^ 

Our lower bound for N{A), together with f|TT]) . completes the proof of 
the lemma. □ 

We will also use the following elementary result (the proof of which 
is adapted from an argument in [3]) about prime divisors of integers in 
short intervals. 

Lemma 6. Let c > and for x > 1 set 

g,{x) = 2("^^) and K{x) ^'^^^ 



log 5(c(x)loglog5(c(x)' 

Then for any e > and for all sufficiently large x ( depending on e and 
c), there is at least one integer N E [x,x + hc{x)] with 



^ ' - clog2 

Proof. For G N let 

p\n 
p>9c(n) 

First of all we have that 

x<n<x+hc{x) 

s E El 

P^9c(a;+'ic(a^)) x<n<x+hc{x) 
p\n 



<hc{x) ^ - + TT{gc{x + hc{x))). 



p 

p<gc{x+hc{x)) 
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Now by (j9]), the prime number theorem, and the fact that g^x + 
hc{x)) ~ gc{x), it follows that there is a number xq = Xo{e,c) such 
that 

x<n<x+hc{x) 

9c{x) 



< (1 + e) hc{x) hghggdx) 



log gc{x) 
= 2(1 + e)hc{x) loghggdx), 

for all X > Xq. Therefore for every x > Xq there is at least one integer 
N E [x,x + hc{x)] with 

u{N) - Uc{N) < 2(1 + e) loglog (?e(x), 

and we have that 

coiN) < cu.iN) + 2(1 + e) loglog (7,(iV) 

^bSM + 2(^ + ^)^°^^°^^^^^) 

^ {l + e')Vh^ 
~ c log 2 

provided that x is sufficiently large. □ 

3. Proof of main result 

Now we come to the proof of Theorem [H Let a G M \ Q and let 
7 G M \ {0} (the case when 7 = is trivial to verify). There are 
two cases to consider, depending on whether or not 7 G + Z. The 
analysis in both cases is fundamentally the same, so we will treat them 
simultaneously. For each i > define a pair of integers rrii and as 
follows. If J = ai + i' for some & Z then set 



rrii 



Pi — i' and rii = qi + i. 



If 7 ^ aZ + Z then choose £ G Z so that 7 — £ G [—{a}, 1 — {«}), and 
write 

00 

7 - ^ = "^bk+iDk 

as in Lemma [H Then set 

i-1 i-1 

rui = -i + Y bk+iPk and = ^ h+iqk- 

k=0 k=0 
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Next for each a,b > define 

mj(a, b) = nii + api^i + bpi and nj(a, b) = rii + agj_i + bqi. 
In the case when 7 G aZ + Z we have from (jlj) that for each i > 1, 

\ni{a, b)a — mi{a, 6) — 7I = |(1 + b)Di + aDi_i\ < — I . 

On the other hand in the case when 7 ^ aZ + Z we have from Lemma 
[3] that for each i > 4, 



\ni{a, b)a — mi{a, b) — 7I 



00 

E 

k=i 



h+i Dk - aA-i - bDi 



^ max(l, &j+i) + b a 

Qi+i Qi 
^ b 1 + a 

~ Qi+i Qi 

using the fact that bi^i < flj+i. In either case we have for i > 4 that 

1 + a + b 



(17) |nj(a, 6)a — mj(a, 6) — 7I < 

Now consider the quantities 

Ni{a) = ni{a, 0)pi - mi{a, 0)qi. 
Using ()3]) we have that 



NAa) 



yi+i 



a. 



UiPi -miqi + 

We would like to apply Lemma M to show that we can find an integer 
a which is not too large, for which u{Ni{a)) is also not too large. In 
order to do this we will verify that |A^j(0)| — ?■ 00 as i — ?■ 00. Note that 
if this were not the case we would still be able to complete the proof (in 
fact with a better bound), however we still use the extra information 
for our final calculations. 

In the case when 7 G aZ + Z we have by (jl]) and ([7]) that 
N,{0) = p^i + q^i' 
Pi 



qiiai + i' + 



<iil + 



-l)-+^6 
(li+i 
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for some constant < < 1. Since 7 7^ it is clear in this case that 
|-^j(0)| ~ Qil'll — )■ 00 as z — 7- 00. 
In the case when 7 aZ + Z we have that 



Ni{0) = mqi 



Pi nij 
qi rii 



^iQi a H [riia - rrii) 



00 



Thus by ([7]) and Lemmas |3] and H] we obtain for i > 4 that 

^i(O) = gi7 H ^ , 

for some constants < ^,^1 < 1 and < ^j^2 < 3. Finally by the 
uniqueness of the expansion in Lemma [1] we have that Ui < qi and we 
conclude that 

for some < < 4. As before this shows that |A^j(0)| ~ qi\'~f\ — ?■ 00 as 

2 — )■ 00. 

Now choose c > and e > 0. If zq = io{^, c) is chosen large enough 
then it follows from (|T8l) and Lemma [6] that for all i > io, there is an 
integer 1 < a < /ic(|A/'i(0)|) with 

no^ ^^r^ ^ (l + 6)v/log|iV.(0)| 
(19) u{N.{a)) < . 

There couple minor technical points here, namely that Ni{0) 

could be negative and that it Ni{a) < Ni{0) for half of the values of i. 
However these don't interfere significantly with the proof, only possibly 
with the choice of io above. 

Supposing that 1 < a < hc{Ni{0)) is chosen so that f|T9|) is satisfied, 
we then apply Lemma [5] with 

m = mj(a, 0), n = nj(a, 0), r = pi, and s = qi. 

We have that 

log log (max(3, |ms - nr|)) 2'^("^^-"'') 

= log log (max(3, \N,{a)\))2^^^^^^^^ 
= o{gc'{qi)) as i ^ 00, 
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for any c' > (l + e)/clog2. Therefore by the lemma, for all i sufficiently 
large we can find an integer 1 < 6 < gc'{Qi) with (mj(a, b), ni{a, b)) = 1. 
Then by (fT7|) we have that 

\ni(a, b)a — mAa, o) — 7 < . 

ft 

Now notice that in the above analysis we can always find a suitable 
e > 0, as long as c, c' > are chosen so that cc' > Therefore by 

relabeling we may assume that c = c' > 1/ A/log 2 and that e > has 
been chosen so that < (1 + e)/log2. Also note that we can find a 
constant p > 0, depending only on 7, such that 

9c{\Nim) < PgMi) for alio <c< 1. 

Putting all of these observations together, we conclude that for any 
1 / \J\og 2 < c < 1 there is an integer iq = io^c) such that for all i > iq, 
there are integers < a, 6 < (7c(ft) with {mi{a,b),ni{a,b)) = 1 and 

\ f h\ f h\ I ^ + P)9M 

\ni[a, b)a — mi[a, oj — 7I < — 



ft 

For such a choice we also have that (7c (ft) < p'gc{ni{a, b)) and that 

ni{a,b) < pqiQciqi) < pqigc{ni{a,b)), 

where again p' > is some constant that only depends on 7 (in the 
case when 7 ^ (aZ + Z) we can take p' = 1). Substituting back into 
our inequality above gives 

3p'{l + p)g2c{ni{a,b)) 



\ni{a, b)a — mi{a, &) — 7I < 



ni{a,b) 



Since this holds for all 1 / -\/log 2 < c < 1 the constant 3p'(l + p) can 
be ignored for large i (i.e. the inequality is always true for a smaller 
value of c in this interval but possibly with a larger value of io), and 
we therefore obtain the statement of the theorem. 
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